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FIVE-NEIGHBOUR PACKINGS OF
CENTRALLY SYMMETRIC CONVEX DISCS.
Endre Makai, Jr.∗
Abstract. In an old paper of the author the thinnest five-neighbour packing of
translates of a convex disc (different from a parallelogram) was determined. The
minimal density was 3/7, and was attained for a certain packing of triangles. In that
paper it was announced that for centrally symmetric convex plates (different from
a parallelogram) the analogous minimal density was 9/14, and was attained for a
certain packing of affine regular hexagons, and a very sketchy idea of the proof was
given. In this paper we give details of this proof.
§1. Introduction
For notations cf. [M].
L. Fejes To´th [FTL] (1973) proved that a 5-neighbour packing of circles in the
plane has (lower) density at least pi
√
3/7, which is sharp; and that the density of
a five-neighbour packing of translates of any convex disc different from a paral-
lelogram is at least some positive constant, here 5 being sharp, and conjectured
that the sharp constant is 3/7; and that the density of a 6-neighbour packing of
translates of any convex disc is at least a 1/2, here 1/2 being sharp.
L. Fejes To´th-N. Sauer [FTS] (1977) proved that if for a packing of translates
of cubes in Rn the number of at most k-th neighbours of any cube is at least
(k + 1)(2k + 1)n−1 + 1, then the (lower) density is positive, and here (k + 1)(2k +
1)n−1 + 1 is sharp. Moreover, they constructed for n = 2 and k = 2 and any
integer i ∈ [16, 23] a packing of translates of a square with at least i at most second
neighbours of low density (conjecturably with minimal density).
The author [Ma] (1985) proved the conjectured value 3/7 of [FTL].
G. Fejes To´th-L. Fejes To´th [FT-FT] (1991) proved that if there is a five-
neighbour packing of circles in the plane such that the infimum of the quotients
of any two radii is greater than some number h0 then the (lower) density of the
packing is positive, and if this infimum equals h0 then the packing can have density
0.
G. Fejes To´th [FTG] (1981), H. Sachs [Sa] (1986) and G. Kerte´sz [K] (1994)
proved that if we have in R3 a 10-neighbour packing of unit balls, then it has a
(lower) density at least some positive constant, and here 10 is sharp.
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K. Bezdek-P. Brass [BB] (2003) proved that if we have in Rn a 2 ·3n−1-neighbour
packing of translates of a convex body, then its density is positive, and this number
of neighbours is sharp (for a parallelotope).
It follows from the main Theorem 7 of O. R. Musin [Mu] (2006) that if we have
in R4 a 19-neighbour packing of unit balls, then it has a (lower) density at least
some positive constant, and here 19 is sharp. (This theorem has to be combined
with the method of the earlier papers, e.g., [FTL] for R2, and [FTG] for R3.)
§2. New results
We use the definitions and notations of the paper [M].
First we state the following
Proposition. Let us have a five-neighbour packing of translates of a planar convex
domain D, which is not a parallelogram. Then the corresponding polygonal subdivi-
sion of R2 (whose edges are the segments connecting the homologous points of the
touching pairs of the translates of the convex domain D) consists of polygons with
at most six sides.
This follows from the existence of a Brass angular measure for any centrally
symmetric convex disc (D−D)/2 different from a parallelogram (equivalently: for
D not a parallelogram), cf. the exposition in Swanepoel [Sw], Ch. 7.
We will prove the following
Theorem. Let us have a packing of translates of a centrosymmetric convex do-
main D, corresponding to a subdivision of the plane in convex polygons with at
most six sides. Let λ be the average number of neighbours (in a large circle) and
let d′0 denote the density of the thinnest six-neighbour lattice packing of translates
of D. Then for the density d′ in the large circle we have asymptotically the following
lower bounds:
d′0
2d′0(6− λ) +
(
3
2
λ− 8) if 4 ≤ λ ≤ 6,
d′0
2d′0(λ− 2) + 6
if 3 ≤ λ ≤ 4,


d′0 ≥
7
8
,
d′0
2
3
d′0(6− λ) + 13 (λ− 3)
if d′0 ≤
7
8
.
Equality stands for any 3 ≤ λ ≤ 6 and any 34 ≤ d′0 ≤ 1 e.g. for a centrosymmetric
hexagon, one of whose diagonals is parallel to the corresponding sides. The ratio of
the lengths of these sides and this diagonal is 2d′0 − 1.
Corollary 1. Let the conditions of the theorem hold. Then we have for d′ asymp-
totically the following lower bounds:
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3
4
2
−2
3
λ+ 4
if 4
4
5
≤ λ ≤ 6,
2
8− λ if 4 ≤ λ ≤ 4
4
5
,
1
2
if 3 ≤ λ ≤ 4.
Equality stands for any 4 45 ≤ λ ≤ 6 for a regular hexagon, for any 3 ≤ λ ≤ 4 45 for
a square.
Corollary 2. Let the conditions of the theorem hold, except that D should be an
arbitrary, not necessarily centrosymmetric convex domain. Let d denote the density
of our packing, and d0 the density of the thinnest six-neighbour lattice packing of
translates of D. Then we have for d
d0
the following lower bounds:
2
8− λ if 4 ≤ λ ≤ 6,
1
2
if 3 ≤ λ ≤ 4.
Equality stands for any 3 ≤ λ ≤ 6 for a square.
The deduction of the corollaries from the theorem is straightforward, one has
to minimize the corresponding expressions from the theorem. Further evidently
d
d0
= d
′
d′
0
, where d′ and d′0 are the corresponding densities for the centrosymmetrized
of D (i.e., (D −D)/2). The corollaries answer questions of L. Fejes To´th.
§3. Proofs of the new results
Proof of the theorem. Let first D be a centrosymmetric hexagon of the theorem.
For λ = 6, 4, 3 we have the following packings.
If 3 ≤ λ ≤ 6 is arbitrary, we take two of the given three packings, and on some
part of the plane we take one of these packings, and on the other part the other
one. The ratio of the areas of the parts is chosen so as to assure the given value
of λ. Let d′0 ≥ 78 . If 4 ≤ λ ≤ 6, we use the first and second packings, while if
3 ≤ λ ≤ 4 we use the second and third ones. If d′0 ≤ 78 we use the first and the
third packings.
The parts of the planes, on which the different packings are taken, can be chosen
to consist of parallel strips. Between any two neighbouring strips we insert rows of
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domains, each domain in the row touching its two neighbours. Let the density
of the inserted rows on the whole plane be 0. If the third packing is considered,
in the first and last rows, to each two domains, touching each other a third one
is attached from right, touching one of the domains (see the figure). The parallel
strips can be translated with respect to each other in their own direction arbitrarily,
and the rows between them can be translated almost arbitrarily. One sees easily
that in this way we obtain a packing, to which there corresponds a subdivision of
the plane in convex polygons with numbers of sides ≤ 6.
One easily checks that thus we obtain packings satisfying the conditions of the
theorem and having the prescribed densities. Thus we have equality in the case of
the centrosymmetric hexagon of the theorem.
Now we prove for the density d′ of a packing satisfying the conditions of the
theorem the required lower bounds.
D is the unit circle of a Minkowski geometry. Unless the contrary is stated, the
lengths of vectors will be measured in this Minkowski geometry.
We introduce some notations. A(D) denotes the area of D. ∆ denotes the
maximal area of a triangle with unit sides (in the Minkowski geometry). F ′k(D)
denotes the maximal area of a convex k-gon of unit sides, k ≥ 3. F ′k(∆, A(D)) is
the maximum of F ′k(D), when D runs over all centrosymmetric convex domains, for
which ∆ and A(D) have the prescribed values. We have d′0 =
1
2
A(D)
4∆ ,
3
4 ≤ d′0 ≤ 1.
Evidently F ′3(∆, A(D)) = ∆. The following lemmas are concerned with the
values of F ′k(∆, A(D)) for k = 4, 5, 6.
Lemma 1. Let a k-gon with unit sides be bounded by a simple closed curve. Then
its area is at most F ′k(D).
Proof. If the k-gon, Q1 . . .Qk, say, is not convex, let us consider a supporting line
of form QiQj , such that one of the open arcs
⌢
QiQj is in the interior of the convex
hull of Q1 . . .Qk. Let us replace one of the arcs
⌢
QiQj of the k-gon by its mirror
image through the middle-point of QiQj . The new k-gon is bounded by a simple
closed curve, and compared with the original k-gon, it has a greater area and the
set of the side-vectors is the same, only their order is changed. Thus a finite number
of such steps will lead to a convex k-gon of unit sides having a greater area than
Q1 . . .Qk. Thus our statement follows. 
Lemma 2. We have F ′5(∆, A(D)) ≤ 12
[
F4(∆, A(D)) + F
′
6(∆, A(D))
]
.
Proof. We show F ′5(D) ≤ 12 · [F ′4(D) + F ′6(D)], from which the statement follows.
Let us have a convex pentagon P1 . . . P4 of unit sides. The diagonal P1P3 cuts the
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pentagon in two parts. By adding to any of these parts its mirror image through
the middle-point of P1P3, we obtain a quadrangle, and a hexagon of unit sides,
both having an area twice larger than the area of the corresponding part of the
pentagon. Hence by Lemma 1 our statement follows. 
Lemma 3. Let k be even. Then among the convex k-gons with unit sides of max-
imal area there is a centrosymmetric one.
Proof. Let us have a convex k-gon P1 . . . Pk of unit sides. The diagonal P1P1+ k
2
cuts P1 . . . Pk into two parts. We consider the part of greater (or equal) area and
add to it its mirror image through the middle-point of P1P1+ k
2
. Thus we obtain
a centrosymmetric k-gon of unit sides, Q1 . . .Qk, say, bounded by a simple closed
curve, and having an area not less than P1 . . . Pk. By performing all steps of the
procedure of Lemma 1, the consecutive pairs of steps corresponding to supporting
lines which are mirror images through the centre, we obtain a centrosymmetric
convex k-gon of unit sides, of area not less than of P1 . . . Pk. 
Lemma 4. We have F ′6(∆, A(D)) = A(D). The equality F
′
6(D) = A(D) stands iff
D is a centrosymmetric hexagon.
Proof. Let P1 . . . P6 be a convex hexagon of unit sides. We may suppose it cen-
trosymmetric by Lemma 3. We may suppose its three consecutive side-vectors are
(0,−1), (1, 0), (x, y), where x, y ≥ 0. Then the area of P1 . . . P6 will be 1 + x+ y.
On the other hand, D contains the vectors (0,±1), (±1, 0), (±x,±y), hence
its area is not less than the area of their convex hull, which is 1 + x + y. Hence
F ′6(D) ≤ A(D), with equality iff D is the convex hull of the above six vectors, i.e.,
D is a centrosymmetric hexagon and P1 the side-vectors of P1 . . . P6 are the radius
vectors from the centre to the vertices of D. 
Lemma 5. We have F ′4(∆, A(D)) = A(D)−4∆. The equality F ′4(D) = A(D)−4∆
stands e.g. if D is a centrosymmetric hexagon of the theorem
(
d′0 =
1
2
A(D)
4∆
)
.
Proof. If D is a centrosymmetric hexagon of the theorem, the quadrangles on the
second figure, constituting a subdivision of the plane, have side-lengths 2 and area
4(A(D)− 4∆).
If we estimate the area of a convex quadrangle of unit sides from above, we may
suppose by Lemma 3 that it is a parallelogram. We show F ′4(D) ≤ A(D)− 4∆, i.e.
A(D) ≥ F ′4(D) + 4∆. It suffices to show A(D) ≥ A(P ) + 4A(T ), where P and T
are a parallelogram, and a triangle of unit sides (A denotes area). D contains the
convex hull of the side-vectors of the triangle and of the parallelogram, and of their
negatives, the end-points of all these vectors being on the circumference of D. Let
D1 denote the convex hull of these vectors. We have D ⊃ D1.
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We distinguish two cases. Let at first between two neighbouring side-vectors of P
be no side-vector of T . In this case the inequality A(D) ≥ A(D1) ≥ A(P ) + 4A(T )
is evident.
Now let any two neighbouring side-vectors of P be separated by side-vectors
of T or by their negatives. Let O denote the centre of D, T1, . . . , T6 the end-points
of the side-vectors of T , and their negatives, and P1, . . . , P4 the end-points of the
side-vectors of P , and their negatives (all vectors measured from O). Let OP1 lie
between OT1 and OT2, and OP2 lie between OT3 and OT4. Fixing the vectors OTi
we vary the vectors OPi, not decreasing A(P ) and not increasing A(D1).
Let us draw a parallel to P2P4 through P1. Passing on this parallel in the
direction
−→
P4P2, we reach either the segment T1T2, or the elongation of the segment
T3T2 beyond T2. The point, where we reach one of these lines, is denoted by P
′
1.
If P ′1 lies on the segment T1T2, we pass further on the segment P
′
1T2 until T2 is
reached. In this case let P ′′1 = T2, in the other case let P
′′
1 = P
′
1. Similar action is
done symmetrically for P ′3, and we obtain thus P
′′
3 . In course of this motion the area
of the parallelogram is not decreasing, while the area of the convex hull of the points
Ti and of the vertices of the parallelogram is not increasing, and all of these points
lie on the boundary of the convex hull. Let D2 denote the convex hull of the points
Ti and P
′′
1 , P2, P
′′
3 , P4. Thus A(D1) ≥ A(D2) and A(P1P2P3P4) ≤ A(P ′′1 P2P ′′3 P4).
Starting with the points Ti and P
′′
1 , P2, P
′′
3 , P4 we pass similarly from P2 to a new
point P ′′2 , and from P4 to P
′′
4 . Let D3 denote the convex hull of the points Ti and
P ′′1 , P
′′
2 , P
′′
3 , P
′′
4 . Then A(D2) ≥ A(D3) and A(P ′′1 P2P ′′3 P4) ≤ A(P ′′1 P ′′2 P ′′3 P ′′4 ).
Thus P ′′1 lies on the elongation of the segment T3T2 beyond T2, and simi-
lar statements hold for the other points P ′′i too. We have evidently A(D3) =
1
2
A(P ′′1 P
′′
2 P
′′
3 P
′′
4 ) + 4A(T ), whence by the above chains of inequalities A(D) ≥
A(D1) ≥ A(D2) ≥ A(D3) = 12A(P ′′1 P ′′2 P ′′3 P ′′4 ) + 4A(T ) ≥ 12A(P ′′1 P2P ′′3 P4) +
4A(T ) ≥ 1
2
A(P1P2P3P4) + 4A(T ) = A(P ) + 4A(T ). 
Proof . of the theorem continued. λ is the average number of neighbours, so by
Euler’s theorem the average number of the sides of the polygons of the subdivision
is ∼ λλ
2
−1
. Also by Euler’s theorem the quotient of the number of vertices and the
number of polygons of the polygonal subdivision is ∼ 1λ
2
−1
. Thus we have for the
density d′ of our packing asymptotically
d′ =
number of vertices
number of polygons
· A(D)
average area of the polygons
≥
≥ 1
λ
2 − 1
· A(D)
concF ′k(∆, A(D))
(
λ
λ
2
−1
) ,
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where concF ′k(∆, A(D)) means the concave hull of F
′
k(∆, A(D)) for 3 ≤ k ≤ 6.(
We take the value of this function in λλ
2
−1
.
)
Here we used that the area of a k-gon
of the subdivision is ≤ F ′k(∆, A(D)) and we used Jensen’s inequality.
By the remark just before Lemma 1 and in Lemmas 2, 4, 5 we have determined
concF ′k(∆, A(D)). Reminding d
′
0 =
1
2
A(D)
4∆ , and calculating the last expression we
obtain the formulae for the lower bound of d′, given in the theorem. We note
yet that for d′0 ≤ 78 we have F ′4(∆, A(D)) ≤ 13F ′3(∆, A(D)) + 23F ′6(∆(A(D)), thus
concF ′k(∆, A(D)) coincides with the concave hull of F
′
3(∆, A(D)), F
′
6(∆, A(D)), in
k = 3, 6, while for d′0 ≥ 78 we have
F ′4(∆, A(D)) ≥
1
3
F ′3(∆, A(D)) +
2
3
F ′6(∆, A(D)).

Remark. One might be tempted to think that Corollary 1 and Corollary 2 can
be obtained by determining or estimating from above max
F ′
k
(D)
A(D)
, and max
F ′
k
(D)
∆
,
3 ≤ k ≤ 6. Evidently we have max F ′k(D)
A(D) = max
F ′
k
(∆,A(D))
A(D) and max
F ′
k
(D)
∆ =
max
F ′
k
(∆,A(D))
∆ . Hence max
F ′
k
(D)
∆ is attained e.g. for a square, for k = 3, 4, 6, and
we can obtain in this way min d
′
d′
0
, as function of λ, as in Corollary 2. But max
F ′
k
(D)
A(D)
is attained for k = 3 iff D is an affine regular hexagon, and for k = 4 iff D is a
parallelogram, for k = 6 iff D is a centrosymmetric hexagon, so using this we do not
obtain for d′ (as function of λ) the exact lower bound (except for 3 ≤ λ ≤ 4) and
λ = 6. Besides that our theorem is a common generalization of the two corollaries,
this fact lead us to the investigation of F ′k(∆, A(D)).
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